Abstract. Studying the behavior of the Kähler-Ricci flow on mildly singular varieties, one is naturally lead to study weak solutions of degenerate parabolic complex Monge-Ampère equations.
Introduction
The (normalized) Kähler-Ricci flow on a compact Kähler manifold X starting at a Kähler form ω 0 is the initial value problem for the evolution of a smooth family of Kähler forms (ω t ) t≥0 given by
This flow has infinite existence time if and only if K X is nef [TZ06] . Assuming the abundance conjecture for X, the asymptotic behaviour as t → ∞ has been understood in [ST07, ST12] . The flow converges weakly towards a closed positive (1, 1)-current T can ∈ {K X } independent of the initial metric ω 0 . It appears as the curvature of a singular hermitian metric giving rise to a canonical absolutely continuous measure (or volume form) v can . If j : X → J is the natural model of the Iitaka fibration of X, that is the proper holomorphic map appearing as the Stein factorization of the regular map attached to the linear system |N K X | for N ∈ N * divisible Date: March 7, 2017. 1 enough, one has also T can = j * θ can where θ can is a canonical twisted Kähler-Einstein metric, namely a closed positive current on J satisfying a complex Monge-Ampère equation in the sense of [EGZ09] .
The basic ideas of the Minimal Model Program indicate that these results should generalize to singular Kähler varieties with terminal singularities (a rather mild sort of singularities) and also to klt pairs. The study of the Kähler-Ricci flow on these mildly singular varieties was undertaken by Song and Tian in [ST09] . It requires a theory of weak solutions for certain degenerate parabolic complex Monge-Ampère equations modelled on (1.1) ∂φ ∂t
where v is a volume form and φ a time-dependent Kähler potential. The approach in [ST09] is to regularize the equation and take limits of the solutions of the regularized equation with uniform higher order estimates. We believe that a zeroth order approach should be both simpler and more efficient, namely an approach using the PDE method of viscosity solutions for degenerate parabolic equations. Using this method, basic existence theorems for the Kähler Ricci flow on klt pairs have been established in [EGZ16] .
The present article, the third one of a series on this subject, aims at studying the long term behavior of the normalized Kähler-Ricci flow on terminal abundant Kähler varieties of positive Kodaira dimension.
We begin by developping a generalization of Song-Tian's canonical volume form and twisted Kähler-Einstein metric to singular varieties and pairs:
Theorem A. Let X be a compact n-dimensional Kähler variety and ∆ be an effective Q-divisor such that the pair (X, ∆) has klt singularities and semi-ample canonical bundle. Then the Iitaka variety J of (X, ∆) carries a canonical twisted Kähler-Einstein metric θ can with continuous potentials. If X is projective, θ can is smooth on a non empty Zariski open subset of J.
See section 2 for a more precise statement and further generalizations. The C 0 -existence theorem is relatively simple in our approach and follows from [EGZ09, CGZ13] . The generic smoothness of θ can is more technical and established via Pȃun's Laplacian estimate [Pa08] , unlike Song and Tian who established the case when X is smooth and ∆ = ∅ by a direct perturbation method. In our approach, Pȃun's conditions are established using Kawamata's canonical bundle formula. The projectivity assumption can probably be removed and comes from our reliance on Ambro's study of lc-trivial fibrations [Amb04] .
In the context of Theorem A, we denote by T can be the pull back of θ can by the Iitaka map. In the general type case the canonical current T can coincides with the singular Kähler-Einstein metric of [EGZ09] . In the Calabi-Yau case it reduces to the zero current.
Generalizing results of Song and Tian who dealt with smooth minimal models [ST12] , we conjecture : Conjecture B. Let (X, ∆) be a compact n-dimensional Kähler klt pair with canonical singularities and semi-ample canonical bundle. Then the normalized Kähler-Ricci flow continuously deforms any initial Kähler form ω 0 towards the canonical current T can .
Since we do not have a complete proof even in the case where ∆ = ∅ and X has only canonical singularities, we will limit the discussion to this case.
When the Kodaira dimension κ is either zero or maximal Conjecture B has been established in [EGZ15] , following earlier works of Cao [Cao85] , Tsuji [Tsu88] , Tian-Zhang [TZ06] and Song-Yuan [SY12] . In this case the canonical current is the singular Kähler-Einstein metric constructed in [EGZ09] .
We focus in this article on the harder case of intermediate Kodaira dimension 0 < κ < n. The Minimal Model Program predicts that any compact Kähler manifold of positive Kodaira dimension κ is birationally equivalent to a minimal model X with terminal (hence canonical) singularities. The abundance conjecture then stipulates that the canonical bundle of X is semiample, in accordance with our hypotheses. This program is known to hold in dimension ≤ 3 [CPH16] .
Denote by j : X → J the Iitaka fibration of X. The semi-flat current ω SF = ω 0 + dd c ρ is constructed as follows : a generic fiber X y of j is a QCalabi-Yau variety, then ω SF |Xy = ω 0|X y +dd c ρ y denote the unique Ricci-flat current in {ω 0 } |Xy , where ρ y is normalized so that Xy ρ y ω 0 n−κ |Xy = 0 [EGZ09] . We reduce Conjecture B to a regularity statement for the semi-flat current ω SF (aka the fiberwise Ricci flat metric) on X :
Conjecture C. The semi-flat current ω SF is smooth on a non empty Zariski open subset of X.
When the generic fibers X y are smooth, it follows from Yau's theorem [Yau78] and the implicit function theorem that ρ is indeed smooth on the union of regular fibers. This is is also automatic if κ(X) = dim(X) − 1. If κ(X) = dim(X) − 2, the generic fiber has only isolated quotient singularities and orbifold techniques readily yield conjecture C in this case.
Conjecture C can be seen as a relative version of [EGZ09] . When X is smooth, the semi flat-current has been recently studied by Choi [Choi15] who proved that ω SF ≥ 0 on the union of regular fibers of j. We expect both statements to hold for the fiberwise Kähler-Einstein metric of a fibration whose general fiber is canonically polarized. One may also speculate that ω SF extends as a closed positive current on the whole of X.
Our second main result shows that Conjecture C implies Conjecture B in the following context : Theorem D. Let X be a compact n-dimensional Kähler variety with canonical singularities and semi-ample canonical bundle. Assume the semi-flat current ω SF is smooth on a non empty Zariski open subset of X.
Then the normalized Kähler-Ricci flow continuously deforms any initial Kähler form ω 0 (resp. any Kähler current with continuous potentials in {ω 0 }) towards the canonical current T can .
Note that our assumptions are satisfied hence our result applies to any minimal 3-fold. The convergence holds at the level of potentials; it is locally uniform on a Zariski open subset of X (away from the singular locus of X and the singular fibers of the Iitaka fibration). More precise information on the convergence have been provided in recent works when X is smooth, and when the fibers are tori (see notably [Tos10, TWY14, TZ15] ).
We now describe the main tool for the proof Theorem D, a viscosity comparison principle for compact manifolds with boundary, which applies to quite general complex Monge-Ampère flows. We study here the flows
• M is a compact Kähler n-dimensional manifold with interior M and boundary ∂M = M \ M ; • ω(t, x) is a continuous family of semi-positive (1, 1)-forms on M , uniformly bounded from below by a semi-positive and big form θ(x); • we always assume that M is contained in the ample locus of θ;
• F (t, x, r) is continuous in [0, T [×M × R and non decreasing in r, (t, x, r) → F (t, x, r) is uniformly Lipschitz in r and (t, x) → F (t, x, 0) is uniformly bounded from above.
• µ(x) ≥ 0 is a bounded continuous volume form on M , • ϕ : [0, T [×M → R is the unknown function, with ϕ t := ϕ(t, ·).
Theorem E. Assume t → ω t is regular. Let u(t, x) (resp. v(t, x)) be a subsolution (resp. a supersolution) to the equation
Here ∂ P M denotes the parabolic boundary of M T , (1.3)
and we say t → ω t is regular, if the following holds: for every ǫ > 0 there exists
and E(ε) → 0 as ε → 0. This technical condition is satisfied in the following particular case of interest: if π : X → Y is a bimeromorphic morphism onto a normal Kähler variety and ω Y t is a continuous family of smooth Kähler forms on Y , then ω t = π * ω Y t is regular (see [EGZ16, Lemma 2.7] ). When M is a bounded pseudonconvex domain of C n , Theorem E was obtained in [EGZ15] . When M is a compact Kähler manifold without boundary, it is the main technical result of [EGZ16] . We have been informed by J.Streets that the proof of this result [EGZ16, Theorem A] is not correct as it stands. We provide here a different approach which yields an alternative proof of the global comparison principle in the ample locus and is valid in the present context of manifolds with boundary. This extension of the comparison principle is both useful and necessary to construct sub/supersolutions to the Kähler-Ricci flow (see Propositions 4.7, 4.12).
We finally describe the precise contents of the article. Section 2 studies Song-Tian's canonical volume form and current in a general context, proving Theorem A. In section 3 we recall the parabolic viscosity tools introduced in [EGZ15, EGZ16] and prove Theorem E. We finally prove Theorem D in section 4 by establishing global uniform bounds and then constructing appropriate viscosity sub/ supersolutions in arbitrary large subsets of a fixed Zariski open set.
The Song-Tian canonical volume form
In this section, we simplify the exposition of the construction of the SongTian canonical volume form and current [ST12] as a direct application of [EGZ09] , and we extend it first to the case of abundant klt pairs then to sub-klt lc-trivial fibrations. The proof of generic smoothness for klt pairs does indeed require the framework to be enlarged to lc-trivial fibrations.
2.1. Push forward of volume forms by holomorphic mappings. Let us begin by an easy lemma.
Lemma 2.1. Let (X, ω X ) (resp. (Y, ω Y )) be normal Kähler spaces. Let F : X → Y be a proper surjective holomorphic mapping. Then, for every precompact open subset U ⊂ Y there exists a constant ǫ = ǫ U > 0 such that
Proof. Since we may blow up X ad libitum, we may assume X is smooth. Assume first Y is smooth. Then, we may assume
where µ is a nonnegative real analytic function vanishing on Crit(F ). Consider γ 1 , . . . γ r ∈ O(Y ) holomorphic functions generating the ideal sheaf of the closed complex-analytic subspaces F (Crit(F )) near U and define
The zero set of the nonnegative real analytic function λ contains the zero set of µ near F −1 (U ). By Lojaziewicz's inequality, there exists constants
It follows that
if ǫ is chosen so small that αǫ < c F −1 (Ū ) (log λ), where c F −1 (Ū ) (log λ) denotes the complex singularity exponent of the quasi-psh function log λ [DK01] . The case where Y is singular follows from [EGZ09, Lemma 3.2].
2.2. The canonical volume form of a minimal abundant klt pair.
2.2.1. Main construction. Let (X, ∆) be a compact Kähler klt 1 pair and h a smooth hermitian metric on the Q-line bundle L = (O(N (K X + ∆)) 1/N , N being the index of the Q-Cartier divisor K X + ∆.
As in [EGZ09, section 6] define a finite measure on X by
where γ is a local multivalued non vanishing section of L viewed as a multivalued top degree form with pole structure described by ∆ and c n is the unique complex number of modulus one making the expression positive. The construction is independent of γ. We assume furthermore that (X, ∆) is minimal and abundant :
Definition 2.2. A pair (X, ∆) is minimal and abundant if we may choose the first Chern form of h to be of the form j * χ where:
• j : X → J a surjective connected proper holomorphic map, J being a normal projective variety, • χ is a Hodge form on J, namely a Kähler class representing an ample Q-Cartier divisor, • {K X + ∆} = j * {χ}.
For N ∈ N * such that N.(K X +∆) is Cartier, j is the natural holomorphic map to the canonical model of X + ∆,
Lemma 2.3. Notations from Lemma 2.1. Fix ω J a Kähler form on J . There exists ǫ > 0 such that the pushforward measure w(h) := j * v(h) has L 1+ǫ density with respect to ω dim J J .
Proof. This follows from Lemma 2.1 in case ∆ = ∅ and X has canonical singularities. In general, one can find a generically finite branched covering f : X ′ → X where X ′ is a smooth Kähler orbifold such that f * v(j * h) becomes a density with non-negative continuous coefficients, see [EGZ09, section 3.4] . It is straightforward to see that Lemma 2.1 is also valid with X replaced by an orbifold. Lemma 2.3 follows.
are the unique solutions of the Monge-Ampère equations on J
are all independent of h.
Proof. This follows from the identity w(he −φ ) = e φ w(h). We refer the reader to [EGZ09, CGZ13] for the existence and uniqueness of continuous solutions to these Monge-Ampère equations.
Definition 2.5. The adapted volume form v can = e −ψ•j v(j * h) is the SongTian canonical volume form on (X, ∆).
Similarly we say that T can :=T can (X, ∆) is the canonical semiflat representative of K X,∆ = K X + ∆ and that θ can :=θ can (X, ∆) is the twisted Kähler-Einstein metric attached to (X, ∆).
2.2.2.
Variant of the main construction. For technical reasons, we have to introduce a variant of this construction. Definition 2.6. Let L be a holomorphic line bundle on a complex analytic space M . A hermitian metric with divisorial singularities on L is a singular hermitian metric h such that h is smooth on the complement of an effective Cartier divisor E and there exists a smooth hermitian metrich on L ⊗ O(−E) coinciding with h via the isomorphism L ⊗ O(−E)| M \E → L| M \E given by the multiplication by the section s E whose zero divisor is E.
The Cartier divisor E is well defined and is called the polar divisor of h. One has h =h.h E where h E is the singular hermitian metric on E whose curvature current is E.
Similarly a hermitian metric with divisorial singularities on a Q line bundle L ′ is a hermitian metric with divisorial singularities on some line bundle of the form L ′⊗N , n ∈ N * . The polar divisor is then an effective Q-Cartier divisor.
Let (X, ∆) be a compact Kähler klt pair and h a hermitian metric with divisorial singularities on the Q-line bundle L = (O(N (K X + ∆)) 1/N , N being the index of the Q-Cartier divisor K X + ∆.
Mimicking the previous construction, we define a measure with L 1 non negative density:
where γ is as above. The poles of h give rise to zeroes of v(h) on the polar divisor E of h. Assume furthermore that the first Chern form ofh is j * χ where:
• j : X → J a surjective connected proper holomorphic map, J being a normal Kähler space, • {K X + ∆ − E} = j * {χ} is the pull back from a smooth semi-Kähler class {χ} with positive volume.
Definition 2.7. Such quadruples (X, ∆, E, j) will be called Iitaka models.
Lemmas 2.3 and 2.4 still apply. Definition 2.5 can then laid out as above. We shall need to emphasize dependence on the model, so we use the notations θ can :=θ can (X, ∆, E, j) and χ:=χ J . We remark that E and ∆ may have common components and that Iitaka models (X, ∆, E, j) and (X, ∆ − min(∆, E), E − min(∆, E), j) are plainly different. However their θ can agree.
One could also work more generally with completely general singular hermitian metrics with positive curvature current but we prefered to avoid excessive generality.
2.2.3. Base change invariance. The modified construction enjoys a strong base change invariance.
Definition 2.8. Let (X, ∆, E, j) be an Iitaka model. Let ψ :Ĵ → J be a generically finite surjective morphism,Ĵ being normal Kähler. A base change of (X, ∆, E, j) along ψ is an Iitaka model (X,∆,Ê,ĵ) endowed with a morphism π :X → X in such a way that:
(1)ĵ :X →Ĵ is a holomorphic connected fibration of compact Kähler spaces and (X,∆) is klt (2) We have a commutative square:
The construction of w(h) being base-change invariant thanks to condition (4) in definition 2.8, the following is simple:
Lemma 2.9. Let (X,∆,Ê,ĵ) be a base change of (X, ∆, E, j) along ψ. Then θ can (X,∆,Ê,ĵ) = ψ * θ can (X, ∆, E, j) and
Lemma 2.10. Notations as in Definition 2.8. Assume ψ is proper birational. Then for every log-resolution of singularities π :X → X such that the meromorphic mapĵ := ψ −1 • j :X →Ĵ is holomorphic there exists a unique Q-Cartier divisor∆ such that (X,∆,Ê,ĵ) is a base change of (X, ∆, E, j) along ψ.
Proof. By definition of klt singularities, we have
where∆ ′ is the proper transform of ∆ the E i are the exceptional divisors and
Observe that we can take∆ = ∅ if ∆ = ∅ and X has canonical singularities.
Corollary 2.11. If (X, ∆) is a nef abundant klt pair of non negative Kodaira dimension, then (X, ∆, ∅, j) has a base change (X,∆,Ê,ĵ) such thatĴ is a log resolution of J,X is a log resolution of X,ĵ :X →Ĵ is smooth on the complement of a simple normal crossing divisor onĴ.
In order to have lighter notations, we will denote Iitaka models of the form (X, ∅, E, j) by (X, E, j) starting with next lemma.
Lemma 2.12. Notations as in Definition 2.8. If X is smooth and γ is etale over J 0 there is a base change (X,Ê,ĵ) of (X, E, j) along γ such thatX is smooth andX 0 = X × J J 0 .
Proof. The ramification divisor ofX → X needs to be absorbed inÊ for condition (4) in definition 2.8 to hold.
2.3. Regularity for smooth abundant minimal models. Definition 2.5 above applies, with ∆ = ∅ and E = ∅, when X is a smooth abundant minimal model and j : X → J(X) is its Iitaka fibration. Note that J(X) is a projective normal variety although X need not be projective.
The critical locus Crit(j) of j is the closed algebraic subset of J defined as the union of the singular locus of J and the critical locus of j −1 (J smooth ) → J smooth .
Proof.
Step 1. Smoothness of T can on j −1 (J − Crit(j)) does not follow from [EGZ09] but a proof is given in [ST12] . We give here an alternative proof, using covering tricks to simplify the geometric situation, to prepare for later generalizations.
Choose a base change (X,Ê,ĵ) of (X, ∅, j) as in Corollary 2.11 with the additional property that J 0 = J − Crit(J),Ĵ 0 = J 0 and thusX 0 = X 0 and we denote byD the reduced simple normal crossing divisorĴ \Ĵ 0 . We can find a big semiample Q-Cartier divisorÂ onĴ such that KX −Ê ∼ Q (ĵ) * Â .
One hasÊ = E a E E with a E ∈ Z >0 andĵ(E) ⊂D. One can also assumeĴ 0 ⊂ Amp(Â). In particular, the fibers ofĵ overĴ 0 are smooth and have a torsion canonical bundle.
For N divisible enough so that NÂ is Cartier and
) the natural isomorphism of invertible sheaves. Let α be a local generator of OĴ (N.Â), let . be a smooth hermitian metric on OĴ (N.Â) whose curvature form is N χĴ and denote by µ = µ(h) the pushforward measure
Then θ can (X,Ê,ĵ) = χĴ + dd c φ satisfies:
One has locally onĴ, µ = d.e g .|β| 2 where β is some local generator of the sheaf of holomorphic canonical forms onĴ, g is smooth and d is the Hodge norm:
We first treat the case N = 1 in the next step.
Step 2. If we further assume thatĵ :X →Ĵ has unipotent local monodromy, we can apply [Kaw00, Theorem 1.1 (3)] to the effect that d = ψ 2 e −φ − where φ − is a local plurisubharmonic function with zero Lelong numbers smooth outsideD and ψ is holomorphic. Indeed η 1 (ĵ * α)/β can be interpreted as a local section of the holomorphic line bundleĵ * ωX |Ĵ and may vanish on Crit(ĵ) and φ − the local potential of the Hodge norm has zero Lelong numbers. Then, we can apply Pȃun's Laplacian estimate [Pa08] to get that φ is smooth onĴ 0 , see also [BBEGZ, Theorem 10 .1]. The exponential term e φ in the Monge-Ampère equation does not appear in loc. cit. but this does not affect the proof.
In order to get rid of the unipotent monodromy condition, we use the classical covering trick -for which it is needed thatĴ be projective:
Lemma 2.14. [Kaw81] There is a smooth ramified covering space γ : Z →Ĵ whose ramification divisorD + is a simple normal crossing divisor containinĝ D such that the main component ofX ×Ĵ Z has unipotent local monodromies. Furthermore the allowableĴ \D + form an open cover ofĴ 0 2 .
We apply Lemma 2.12 to produce a base change (X * ,Ê * ,ĵ * ) of (X,Ê,ĵ) along γ. The argument above yields smoothness of θ can (X * ,Ê * ,ĵ * ) on the open set Z \ γ −1 (D + ) and Lemma 2.9 enables to descend to smoothness of θ can (X,Ê,ĵ) onĴ \D + . Lemma 2.14 then yields that θ can (X,Ê,ĵ) is smooth onĴ 0 .
Step 3. To finish the proof, we need to reduce to the N = 1 case. Chose N divisible enough and σ ∈ H 0 (Ĵ, OĴ (NÂ)) a non zero global section. The standard covering lemma enables to construct a base change γ etale over J \ {σ = 0} \ G such that γ * Â is Cartier and that γ * σ has a N -th root τ ∈ H 0 (Ĵ ′ , OĴ ′ (A ′ )) and theĴ \ {σ = 0} \ G coverĴ \ {σ = 0}. Applying lemma 2.12, smoothness of θ can onĴ \ {σ = 0} is reduced to prove smoothness on the non zero locusĴ 0 of σ in the base-change invariant case whereÂ is Cartier and has a non zero section σ.
In that situation, the N -th power of the canonical sheaf ωX 0 has η N (σ) as a non vanishing section and we can contruct an etale cyclic coverinĝ Y 0 →X 0 such that the canonical sheaf ωŶ 0 is trivial and the N -th power of a trivializing section η 0 1 (σ) is η N (σ). Since an etale covering of a quasi Kähler manifold is quasi Kähler by a slight variant of the Grauert-Remmert theorem, using Hironaka's theorem, we construct a Zariski open embeddinĝ Y 0 →Ŷ such thatŶ is smooth and both ξ :Ŷ → X and k :Ŷ →Ĵ are holomorphic.
Denote the Stein factorization of k byĵ ′ :Ŷ →Ĵ ′ . By construction,Ĵ ′ is etale over the non zero locus of σ. Also by construction, we can set∆ ′ = ∅ F = KŶ /X the jacobian divisor of ξ to the effect that (Ŷ ,F ,k) is a Iitaka
This relation implies that the measure µ ′ onĴ ′ is a multiple (by the degree of the etale mapping induced by ξ on the general fibres of j) of the measure µ associated to a base change (
The N = 1 argument applies to (Ŷ ,F ,ĵ ′ ) to yield smoothness of θ can on the preimage ofĴ 0 . Indeed η 0 1 (σ) extends to a holomorphic canonical form η 1 (σ) onŶ since its N -th power does. For the same reason, its zero 2 One could takeD + =D if one is ready to accept Z to be an orbifold (a smooth Deligne-Mumford stack).
divisor satisfies (η 1 ) ≥F . Now, there is a unique meromorphic section η of Hom OŶ (OŶ (j * A ′ ), OŶ (KŶ −F )) sending (ĵ ′ ) * σ to η 1 (σ). One has η ⊗N = η N . Hence η is a holomorphic isomorphism. The proof is complete.
2.4. Abundant minimal models with canonical singularities. Let X be an abundant projective variety with only canonical singularities and a nef canonical class and let J : X → J(X) be the Iitaka fibration which is induced by |N K X | for N sufficiently divisible. then there is a ample
Proposition 2.15. The canonical current θ can (X, ∅, j) is smooth on a nonempty Zariski open subset of J.
Step 1. We first reduce to the case when K X is a Cartier divisor.
pp. 361-362], we find X 1 → X a cyclic covering with only canonical singularities such that K X 1 = π * K X and K X 1 is Cartier. Then K X 1 is semi-ample too. The Stein factorisation j 1 : X 1 → J 1 is by construction the model of the Iitaka fibration of X 1 induced by a sufficiently divisible pluricanonical system, in particular J 1 is normal. As in the previous subsection we obtain θ can (X 1 , ∅, j 1 ) = p * θ can (X, ∅, j) where p : J 1 → J is the natural finite mapping. Hence, we can and will from now on assume that K X is Cartier.
Step 2. We now reduce to the case when j * ω X is a rank one coherent analytic sheaf having a non zero section. This step is analogous to Step 4 in the proof of Proposition 2.13. We construct J 0 ⊂ J a Zariski open subset J 0 → J 0 finite etale,X 0 → X 0 = j −1 (X 0 ) finite etale, such that ωX 0 is trivial. We then construct a normal Kähler compactification ofX 0 and use Hironaka's theorem to construct a compact connected Kähler manifoldX ′ and a diagram of holomorphic connected mappingŝ
withĴ ′ normal and ψ finite such that there is a log-resolution ν : X ′ → X through which π factorizes as π = ν • ρ with ρ holomorphic andĵ ′ * ωX is a non zero rank one coherent analytic sheaf. The canonical divisors verify:
with KX ′ /X ′ ≥ 0 since both are smooth and all a E ≥ 0 since X has canonical singularities. Therefore, setting:
and we are reduced to proving smoothness of θ can (X, E, j) when j * ω X is a rank one coherent analytic sheaf having a non zero section.
Step 3. The situation can now be dealt with as in the proof of Proposition 2.13.
Remark 2.16. The projective assumption on X is only used in Step 1 and can probably be dropped.
2.5. A klt regularity result. . In order to obtain a generic regularity result for the twisted KE metric associated to a minimal abundant klt pair (X, ∆), we have to generalize our set-up to sub-klt pairs as was suggested to us by S. Druel. The state of the art in the litterature regarding the covering lemmas we need seems to be [Amb04] and our write-up will follow this reference closely.
Recall that a pair (X, B) consists of a normal complex projective variety X endowed with a Q-Weil divisor B such that K X + B is Q-Cartier. 
is defined by the formula:
Definition 2.17 means that the usual inequality in the definition of klt singularities applies, in particular the multiplicities of B are rational numbers strictly smaller than 1.
Example 2.18. If (X, ∆) is klt and E is an effective Q-divisor, then the pair (X, ∆ − E) is sub-klt.
The reason sub-klt pairs are useful is the following:
Lemma 2.19. [Kol97] Let (X, B) be sub-klt and f : Y → X be a generically finite morphism from a smooth projective variety Y . Then there exists a unique Q-divisor on Y , B Y , such that:
However B ≥ 0 does not imply B Z ≥ 0 when f is not birational, even in dimension 1, cf. also Lemma 2.12.
To every b-divisor D we can associate a subsheaf O X (D) ⊂ C(X) whose sections over a Zariski open subset U ⊂ X are the rational functions φ ∈ C(X) such that mult E ((φ) + D) ≥ 0 whenever E is an irreducible Weil divisor on some birational model X ′ such that its generic point maps to U .
If j : X → Y is a proper regular fibration [Amb04] defines j : (X, B) → Y to be lc-trivial whenever
(1) (X, B) has sub-klt singularities over the generic point of Y (2) j * O X (⌈A(X, B)⌉) has rank one (3) there exists a positive integer, a rational function φ ∈ C(X) and a Q-Cartier divisor D on Y such that:
where K X is a canonical divisor. Condition (2) should be seen as controlling the negative part of B :
Example 2.20. If X smooth, (X, B) is sub-klt and the support of B is simple normal crossing
Definition 2.8 immediately applies to lc-trivial fibration and this coincides with the notion of base change of a lc-trivial fibration used by [Amb04] . It follows from Lemma 2.19 that a lc-trivial fibration always admit a lc-trivial base change along any regular proper dominant morphism from a smooth variety to its base. Definition 2.21. Assume j : (X, B) → Y is an abundant lc-trivial fibration, meaning that furthermore (X, B) is sub-klt and D = A is big and semiample.
If f : X ′ → X is a log-resolution of (X, B) then setting B X ′ = ∆ − E (notations of lemma 2.19) where ∆ and E are effective then (X ′ , ∆, E, j • f ) is an Iitaka model. One defines
which is independent of X ′ .
One does not need Condition (2) for this definition. It is however needed in the proof of the following result : Proof. Step 1. We will need Kawamata's canonical bundle formula hence we recall its main features. For p an irreducible Weil Q-Cartier divisor on Y define b P ∈ Q by Kawamata's formula: Step 2. For N divisible enough denote by 
where g is smooth.
Pȃun's Laplacian estimate [Pa08] reduces us to prove that Denoting by χ the character of G sending k mod b to e 2πik/b and by (h * ω V /Y ) χ the corresponding eigensubsheaf of h * ω V /Y we have, if h is semistable in codimension one which can be assumed to be true, an isomorphism
Hodge on its summand (h * ω V /Y ) χ . This is a singular hermitian metric on this line bundle and by the method of [Kaw00] it has a positive curvature current with zero Lelong numbers, after perhaps a further base change. Now it follows from Ambro's construction that:
where C > 0 is a constant. This gives the required expression for the LHS of the Monge Ampère equation.
Remark 2.24. A slightly less general result can be obtained using [Kaw00, Theorem 1.3 (3)].
The parabolic viscosity approach
We study the complex degenerate parabolic complex Monge-Ampère flows Given φ a continuous data on the the parabolic boundary ∂ P M of M , our aim here is to establish a global comparison principle between subsolutions and supersolutions to the the Cauchy problem for the equation (3.1).
For our applications, M will be an open subset of a compact Kähler manifold X. We shall always assume that
• there exists a big form θ such that ω t ≥ θ for all t;
• M is contained in the ample locus of θ. We will also need to assume that t → ω t is regular (see Definition 3.6).
3.1. Recap on viscosity concepts. We recall some basic facts from the viscosity theory for complex Monge-Ampère flows developed in [EGZ16] .
Definition 3.1. A function ϕ ∈ C 1,2 is a classical subsolution of (3.1) if for all t ≥ 0 x → ϕ t (x) is ω t -psh and for all (t, x) ∈ M T ,
A function ϕ ∈ C 1,2 is a classical supersolution of (3.1) if for all (t,
One defines similarly a differential test from below.
Definition 3.3. A bounded u.s.c. function u : M T → R is a viscosity subsolution of (3.1) if for all (t 0 , x 0 ) ∈ M T and all differential test q from above,
Definition 3.4. A bounded l.s.c. function v : M T → R is a viscosity supersolution of (3.1) if for all (t 0 , x 0 ) ∈ M T and all differential test q from below,
A viscosity solution of (3.1) is a continuous function which is both a viscosity subsolution and a viscosity supersolution.
We thus went around the lack of regularity of the functions u, v by using their differential tests (from below or/and above). This definition is a special case of the general theory of [CIL92] for viscosity solutions of general degenerate elliptic/parabolic equations. The reader is referred to this survey article for the first principles of the theory.
We refer the reader to [EGZ15] for a study of viscosity sub/super-solutions to local complex Monge-Ampère flows. We just recall here some basic facts for the reader's convenience:
• Assume u (resp. v) is C 1,2 -smooth. It is a viscosity subsolution (resp. supersolution) iff it is a classical subsolution (resp. supersolution).
• If u 1 , u 2 are viscosity subsolutions, then so is max(u 1 , u 2 ).
• If (u α ) α∈A is a family of subsolutions which is locally uniformly bounded above, then ϕ := (sup{u α , α ∈ A}) * is a subsolution.
• If u is a subsolution of (3.1) µ then it is also a subsolution of (3.1) ν for all 0 ≤ ν ≤ µ.
• u is a subsolution of (3.1) 0 if and only if for all t ≥ 0, x → ϕ t (x) is ω t -plurisubharmonic.
• In the definition of differential tests, one can use functions that are merely Lipschitz in t and k-convex (resp. k-concave) in x. One then have to test the inequalities for all parabolic jets.
• Set A = 2Osc X (u). If u is a subsolution of (3.1) f dV , then u ε (t, x) = sup{u(s, x) − ε −1 |t − s|; |t − s| < Aε} is Lipschitz in t, decreases to u as ε decreases to zero, and is a subsolution of (3.1) fεdV , where
replacing also F by F ε , the inf-convolution of F in time.
• One can also use sup-convolutions in space locally, considering u ε (t, x) = sup{u(s, x) − ε −2 ||x − y|| 2 ; |x − y| < Aε} and obtain similar information. A delicate point in the global setting is that there is no Lebesgue (i.e. translation invariant) measure. Hence sup-convolutions are not so useful. We will first need to localize before regularizing the objects of our study
Recall that if ω is a closed smooth (1, 1)-form in M , then the complex Monge-Ampère measure (ω + dd c ψ) n is well-defined in the pluripotential sense for all bounded ω-psh functions ψ in X by [BT82] . The viscosity (sub)solutions of complex Monge-Ampère equations can be interpreted in the pluripotential sense, as shown in [EGZ11, Theorem 1.9].
On the other hand, it is not yet clear how to interpret viscosity solutions of Complex Monge-Ampère flows in terms of pluripotential theory. We note however the following useful lemma which follows from [EGZ11, Theorem 1.9 and Lemma 4.7]:
Lemma 3.5. Assume u ∈ C 0 (M T , R) is bounded and such that:
• the restriction u t of u to M t := {t} × M is ω t -psh, • u admits a continuous partial derivative ∂ t u with respect to t, • for every t ∈]0, T [, the restriction u t of u to M t satisfies
in the pluripotential sense on M t . Then u is a subsolution of (3.1).
Similarly assume v ∈ C 0 (M T , R) is bounded and satisfies :
• the restriction v t of v to M t := {t} × M is ω t -psh, • v admits a continuous partial derivative ∂ t v with respect to t,
• there exists a continuous function w such that, for every t ∈]0, T [, the restriction v t to M t satisfies
in the pluripotential sense on M t and ∂ t v t + F (t, x, v t ) ≥ w. Then v is a supersolution of (3.1).
There are two fundamental assumptions that we shall make on the semipositive forms ω t . We summarize them in the following definition: Definition 3.6. We say that t → ω t is regular if
• ∃θ a semi-positive and big form s.t. θ ≤ ω t for all t;
• ∃ε ∈ C 1 with ε(0) = 0 s.t.
(1 − ε(t − s))ω s ≤ ω t .
We refer the reader to [EGZ16, Lemma 2.7] for a description of a wide class of forms t → ω t which are regular.
3.2.
A refined local comparison principle. We establish here a local comparison principle which extends [EGZ15, Theorem A]. We consider the following complex Monge-Ampère flows :
where 1. If β > 0 and ∂ t u ≤ τ , τ ≥ 0, in a neighbourhood of (t 0 , z 0 ), then
Proof. The problem is local, so we can assume that D = B ⋐ C n is the unit ball, z 0 = 0 and M := maxB
Step 1. We first assume that ∂ t u and ∂ t v are bounded in a neighborhood of (t 0 , 0). We use a classical doubling trick. For any ε > 0, we define for (t, x, y) ∈ [0, T [×B ×B,
By upper semi-continuity there exists (t ε , x ε , y ε ) ∈ [0, T [×B ×B such that
It follows from [CIL92, Proposition 3.7] that |x ε − y ε | 2 = o(ε) and that there is a subsequence ε j → 0 such that (t ε j , x ε j , y ε j ) converges to (t,x,x) ∈ [0, T [×B 2 where (t,x) is a maximum point of u − v on B T and
To simplify notation we set for any j ∈ N, (t j , x j , y j ) = (t ε j , x ε j , y ε j ). Extracting and relabelling we may assume that (u(t j , x j , y j )) j and (v(t j , x j , y j )) j converge. By the semicontinuity of u and v,
On the other hand (3.3) implies that:
Together with (3.4), this yields
From our assumptions it follows that (t,x) = (t 0 , 0). Therefore we can assume that for any j ∈ N, (t j , x j , y j ) = (t ε j , x ε j , y ε j ) ∈]0, T [×B 2 and the sequence converges to (t 0 , 0, 0
Applying the parabolic Jensen-Ishii's maximum principle (the technical assumption being satisfied since u and v are locally Lipschitz in t) to the functions U (t, x) := u(t, x) − ε T −t , v and the penality function φ(t, x, y) := 1 2ε |x − y| 2 for any fixed ε = ε j , we find approximate parabolic second order jets (τ j , p 
which implies that
Letting j → +∞ and using (3.5) (3.6) , we obtain the inequality (3.2) in the case when u and v are locally uniformly Lipschitz in the variable t.
Step 2. To remove the assumption on u and v, we use Lipschitz-regularization in the time variable. Let u k and v k denote the time-variable Lipschitz regularization of u and v respectively in a [0, T ] × B 2 (see ([EGZ15, Lemma 2.5]). Fix T 0 ∈]0, T [ with T 0 < t 0 < T and consider for k > 1 large enough
By upper-semicontinuity, there exists (
, and
Extracting and relabelling we can assume that for all k the maximum M k is attained at an interior point (t k , z k ) ∈]T 0 , T [×B, the sequence (t k , z k ) converges to (t 0 , 0), and 
It follows now from [EGZ15, Lemma 2.5] that for k large enough,
where F k (t, z, r) := inf |s−t|≤A/k F (s, z, r), µ k (t, z) := inf |s−t|≤A/k µ(s, z), A > 0. Similarly the functions v k satisfy
where G k (t, z, r) := sup |s−t|≤A/k G(s, z, r), ν k (t, z) := sup |s−t|≤A/k ν(s, z). Now u k and v k satisfy all the requirements of Step 1. If β ≥ 0 we can conclude from (3.7) that
Remark 3.8. Lemma 3.7 is still true if we merely assume that u−v achieves its maximum onB T := [0, T ] ×B at interior points only i.e. the set As a consequence we obtain the following comparison principle for
(ii) the function z −→ u(t, z) − 2c|z| 2 is plurisubharmonic near z 0 , for some c > 0 and t close to t 0 .
Then u(t 0 , z 0 ) ≤ v(t 0 , z 0 ) and u ≤ v in a neighborhood of (t 0 , z 0 ).
Proof. We may assume that z 0 = 0 and there exists a constant c > 0 and r > 0 such that for t − t 0 ≤ r, the function z −→ u(t, z) − 2c|z| 2 is plurisubharmonic in a neighborhood of the unit ballB. Fix α ∈]0, 1[ and consider
The function u α − v achieves a strict local maximum at (t 0 , 0) and for
is plurisubharmonic in a neighborhood of the unit ballB, with
for |t − t 0 | ≤ r, where β 0 := dd c |z| 2 . Thus z −→ u α (t, z) is strictly plurisubharmonic for |t − t 0 | ≤ r and satistifes
in the sense of viscosity in ]t 0 − r, t 0 + r[×B.
Assume first that ∂ t u ≤ τ in a neighbourhood of (t 0 , z 0 ), then ∂ t u α ≤ τ + 2αt 0 . Since u α − v achieves a strict local maximum at (t 0 , 0), we can apply Lemma 3.7 to conclude that
Letting α → 0 we obtain the required estimate.
To treat the general case, we approximate u by a decreasing sequence (u k ) of k-Lipschitz function in t. It is easy to check that u k satisfies the requirement of the first part and ∂ t u k ≤ k . Arguing as in the proof of Lemma 3.7 we obtain a sequence (t k , z k ) ∈ [0, T ]×B converging to (t 0 , 0) such
It follows that for all k >> 1 and α ∈]0, 1[,
This implies that ν(t k , z k ) > 0 and if µ = ν we obtain
Letting α → 0 and k → +∞, we obtain the required inequality.
Viscosity comparison principles for manifolds with boundary.
Recall that the family ω t satisfies ω t ≥ θ for all t ∈ [0, T [ and that M is included in the ample locus of the cohomology class {θ}. Our purpose here is to establish the following version of the comparison principle:
Theorem 3.10. Let ϕ(t, x) (resp. ψ(t, x)) be a subsolution (resp. a supersolution) to the complex Monge-Ampère flow (3.1) in M T =]0, T [×M which is bounded from above (resp. below). Assume that either ∂ t ϕ is locally bounded or the family t → ω t is regular. Then for all (t,
where
Here the function ϕ * (resp. ψ * ) is the upper (resp. lower) semi-continuous extension of ϕ (resp. ψ) toM . Note that this result contains the local comparison principle for domains of C n established in [EGZ15] .
Proof. We assume first that ∂ t ϕ is locally bounded from below in ]0, T [×M . Fix η > 0, ε ∈]0, 1[ and δ := ε(1 + ε) −1 so that 1 − δ = (1 + ε) −1 . Consider
where A = A(ε) > 0 will be chosen later, ρ ≤ ϕ is a θ-psh function satisfying θ + dd c ρ ≥ β, β is a Kähler form on X. Such a function exists since the cohomology class η of θ is big. One can moreover impose ρ < 0 to be smooth in the ample locus Ω = Amp{θ}, with analytic singularities, and such that ρ(x) → −∞ as x → ∂Ω. Sinceφ * − ψ * is upper semi-continuous onM , the maximum ofφ
in the viscosity sense in ]0, T [×M . Nowφ ≤ ϕ since ρ < ϕ and
We now localize near x 0 and apply Corllary 3.9. Choose local coordinates z near x 0 , identifying a closed neighborhood of x 0 with the closed complex ballB 2 := B(0, 2) ⊂ C n of radius 2, sending x 0 to the origin in C n . Let h = h ω (x) be a smooth local potential for ω in B 2 , i.e. dd c h ω = ω in B 2 .
The function u(t, z) :
whereμ = z * (µ) > 0 is a positive continuous volume form on B 2 and
Similarly the lower semi-continuous function v := ψ • z −1 + h • z −1 satisfies the viscosity differential inequality (3.9) (dd c v)
When µ = ν and F = G we apply Lemma 3.9 to conclude that
We inferφ(t 0 , x 0 ) ≤ ψ(t 0 , x 0 ) since F is non decreasing in the last variable. Asφ − ψ achieves its supremum on M T at (t 0 , x 0 ), we conclude that
for all (t, x) ∈ M T . Now A = Cε + n log(1 + ε) → 0 as ε → 0 and M ∩ (ρ > −∞} = ∅. Letting ε → 0 and η → 0, we thus conclude that ϕ ≤ ψ in M .
We finally remove the condition on ∂ t ϕ by approximating ϕ by a decreasing sequence ϕ k of k-Lipschitz functions in the time variable that satisfies an approximate viscosity sub-inequalities(see [EGZ16] ). This is where the regularity assumption on (t, x) → ω t (x) is used. This permits to pass to the limit successfully and finaly get the result also in this case as in the proof of [EGZ16, Corollary 2.6].
Remark 3.11. J.Streets pointed out to us that the proof of [EGZ16, Theorem 2.1] is incomplete. We have been unable to fully repair the corresponding proof. The proof of Theorem 3.10 that we provide shows in particular that the comparison principle [EGZ16, Theorem 2.1] is at least valid in some Zariski open set (the ample locus of the cohomology class of θ).
This version is sufficient for all geometric applications. Since the sub/supersolutions to the Cauchy problem for the parabolic complex Monge-Ampère equation constructed there are continuous in X T (see [EGZ16, Proposition 3.5]), we can consider the upper envelope ϕ of all the subsolutions to the corresponding Cauchy problem.
By standard results from viscosity theory, ϕ * is a subsolution to the equation while ϕ * is a supersolution. Theorem 3.10 thus shows that the statement in [EGZ16, Corollary 3.3] is valid on the regular part of X. Namely for all
Since the sub/super-barriers constructed in [EGZ16, Proposition 3.5] and [EGZ16, Lemma 3.8] are continuous, we deduce as in [EGZ16, Theorem 3.11] that ϕ * (t, x) ≤ ϕ * (t, x) in R + ×X reg . Hence ϕ * = ϕ * = ϕ(t, x) in R + ×X reg . Thus ϕ is the unique viscosity solution to the Cauchy problem.
Long term behaviour of the normalized Kähler-Ricci flow
We now study the long-term behavior of the normalized Kähler-Ricci flow on an abundant minimal model X of positive Kodaira dimension and prove Theorem D assuming X satisfies Conjecture C.
4.1. The strategy.
4.1.1. Normalization of the scalar parabolic equation. Let X be a compact n-dimensional Kähler variety with canonical singularities such that K X is semi-ample. We let j : X → J be an Itaka morphism and A an ample line bundle on J such that K X = j * A. We also let κ = κ(X) > 0 denote the Kodaira dimension of X.
Denote by ω t the normalized Kähler-Ricci flow on X starting at ω 0 [EGZ16] . The cohomology class α t of ω t satisfies
where α 0 is the initial Kähler class. Pick ω J ∈ {A} a Kähler form and set
We also pick ω 0 ∈ α 0 a Kähler form representing α 0 and set
Note that this family (as well as its pull-back on any log-resolution) satisfies all the requirements from section 3. We fix v(h) a canonical volume form on X such that χ = −Ric(v(h)) in X. We assume without loss of generality that v(h) and α 0 are normalized so that
It is classical that the normalized Kähler-Ricci flow is equivalent the following parabolic complex Monge-Ampère flow of potentials,
starting from an initial smooth (or possibly continuous) Kähler potential ϕ 0 ∈ P SH(X, ω 0 ). We have normalized here both sides so that the volume of the left hand side converges to 1 as t → +∞. Here C k n denotes the binomial coefficient 
Using Conjecture C we will assume that the semi-flat current ω SF = ω 0 + dd c ρ defined in the introduction is also smooth on X \ D. As already mentioned, we will assume, without loss of generality, that Xy ω n−κ 0 = 1.
Lemma 4.1. On X \ D, we have: Taking the integral along the fiber of j we obtain (χ + dd c ϕ ∞ ) κ = e c e ϕ∞ v(h) hence c = 0 by Definition 2.5.
4.1.3. The plan. The idea of the proof of Theorem D is standard. We would like to construct a subsolution u(t, x) and a supersolution v(t, x) of the flow (4.1) such that for all x ∈ X reg ,
and
It would then follow from the comparison principle Theorem 3.10 that for all
Unfortunately, we will have to slightly modify this strategy since we can only construct approximate sub/super-solutions in a large subdomain of X reg . This is enough thanks to Theorem 3.10.
Uniform bounds.
4.2.1. Uniform upper-bound. We first observe that the solution ϕ(t, x) of the flow is uniformly bounded from above on R + × X: Lemma 4.2. There exists C > 0 such that for all t > 0 and x ∈ X, ϕ(t, x) ≤ C.
Each term e −(n−j)t , 0 ≤ j ≤ κ, is bounded from above by e −(n−κ)t , while the terms χ j ∧ω n−j 0 are bounded from above by C ′ ω n 0 ≤ C ′′ v(h), as explained in the proof of [EGZ09, Lemma 6.4]. We infer
It follows therefore from Lemma 3.5 that v is a global supersolution of the Cauchy problem for (4.1). The comparison principle Theorem 3.10 thus yields the uniform upper-bound ϕ(t, x) ≤ v(t, x) = C.
We also note the following alternative proof of independent interest, as it only requires X to have log terminal singularities. Set
The function ϕ t is θ t -psh, hence (ω 0 + χ)-psh since 0 ≤ θ t ≤ ω 0 + χ for t ≥ 0. Since the singularities of X are log terminal we have P SH(X,
with C independent of t. Jensen's inequality yields
This argument only requires that ϕ is a subsolution, but we have implicitly used that t → ϕ t is Lipschitz to differentiate I. To circumvent this difficulty, we can first replace ϕ by its supconvolution in time ϕ ε (which is a subsolution of an approximate flow) and then proceed as above.
Uniform lower-bound.
A first order argument is required to establish a uniform lower bound on the solution ϕ(t, x): Lemma 4.3. There exists C > 0 such that for all t > 0 and x ∈ X, ϕ(t, x) ≥ −C.
Proof. The proof uses basically the same idea as the analogous result in [ST12] . We let π : Z → X denote a desingularization of X and pull-back the flow to Z, obtaining
We let ω Z denote a Kähler form on Z. The measure π * v(h) can be written as F ω n Z , where F ≥ 0 is a smooth function (here we use the hypothesis that X has only canonical singularities). We let ϕ ε denote the approximating flows, solutions of the smooth parabolic approximating flows,
with smooth initial data ϕ ε 0 , which decreases uniformly towards ϕ 0 . It follows from standard viscosity theory [CIL92, section 6] that the functions ϕ ε are (ω 0 + εω Z )-psh and uniformly converge to ϕ • π, as ε → 0 + . 4.3.1. Optimal lower bound. Recall that the current ω SF = ω 0 + dd c ρ is such that ω y = ω 0|X y + dd c ρ |Xy is the unique Ricci-flat current on X y which is cohomologous to ω 0|X y . The potential ρ |Xy is normalized so that Xy ρ |Xy ω 0 n−κ |Xy = 0. We assume in this section that ρ is ω 0 -psh and obtain an efficient lower bound for ϕ:
is a subsolution to the Cauchy problem for (4.1).
Here h denotes the solution of the ordinary differential equation (ODE) (4.3) below.
Proof. Observe first that u(0, x) = ρ(x) − C + h(0) = ρ(x) − C ≤ ϕ 0 , by our choice of C. We now check that u is a subsolution to the equation, i.e. satisfies (
in the viscosity sense. Recall that (χ + dd c ϕ ∞ ) κ ∧ ω n−κ SF = e ϕ∞ v(h). Since θ t = (1 − e −t )χ + e −t ω 0 , we note that u t is θ t -psh with
if the function h solves solves
with h(0) = 0. The conclusion follows from Lemma 3.5.
We let the reader verify the following elementary result:
Lemma 4.5. Let h : R + → R + be the smooth solution of the ODE
There exists C > 0 such that for all t ≥ 0, −C(t + 1)e −t ≤ h(t) ≤ 0.
When ρ is ω 0 -psh, we therefore have a precise asymptotic bound from below for ϕ, with exponential speed: Corollary 4.6. If ρ is ω 0 -psh, then for all t, x,
4.3.2. Approximate subsolutions. In this section we provide a construction of approximate subsolutions with good asymptotic behavior, assuming ρ is smooth in X \ D (rather than ω 0 -psh), where
We fix h a smooth hermitian metric of the line bundle L D = j * L D ′ L D and normalize h so that |s| h ≤ 1 on X. We can assume without loss of generality (up to rescaling) that the curvature form Θ h of h is dominated by χ. The Poincaré-Lelong equation thus yields
where [D] denotes the current of integration along D. We set V r (D) := {x ∈ X ; |s(x)| h < r} for r > 0 fixed, and Ω r := X reg \ V r (D). We assume that the semi-flat current ω SF = ω 0 + dd c ρ is smooth in X \ D, thus there exists C r > 0 such that
We can now proceed with the construction of a subsolution in Ω r = X reg \ V r (D). For technical reasons, we provide a supersolution in [T 0 , +∞[×Ω r , where the stopping time T 0 depends on a parameter ε > 0 and r = r(ε) :
is a subsolution to the Cauchy problem for (4.1) in
Here h : R → R + denotes unique the solution of the ODE
with initial condition h(0) = 0, where B > 0 is specified in (4.5) below.
Proof. We first note that u ε ≤ ϕ on the parabolic boundary
Indeed h ≤ 0 and log |s| h ≤ 0 hence
as follows from our choice of C (3), while for x ∈ ∂Ω r = {x ∈ X, |s(x)| h = r} the inequality u ε ≤ ϕ follows from conditions (1) and (2). Let us stress that the uniform upper-bound Lemma 4.3 is used both in conditions (1) and (3). We now check that u ε is a subsolution of the equation in M r . Observe that [1 − e −t − ε]ϕ ∞ + ε log |s| h is (1 − e −t )χ-psh, thus
with C r = e B and initial condition h(0) = 0.
Proof. We let the reader check that
It follows therefore from the Comparison Theorem 3.10 that for x ∈ Ω r ,
We let r → 0 + , so that this inequality holds for all x ∈ X reg \ D. Since ε > 0 is arbitrary, we infer ϕ ∞ (x) ≤ lim inf t→+∞ ϕ(t, x) for all x ∈ X\D.
Construction of supersolutions.
4.4.1. Holomorphic submersions. We first treat the restrictive case when the Iitaka fibration is a holomorphic submersion. This allows to explain the main idea in a simple setting.
Proposition 4.9. Assume j : X → J is a smooth holomorphic submersion. Fix C ≥ sup X (ϕ 0 − ρ). The function (t, x) ∈ R + × X → v(t, x) := (1 − e −t )ϕ ∞ (x) + e −t ρ(x) + Ce −t + g(t) ∈ R is a supersolution to the Cauchy problem for (4.1).
Here g denote the solution of the ordinary differential equation (4.6).
Proof. The choice of C insures that v(0, x) ≥ ϕ 0 (x). We now check that v is a supersolution to the equation, i.e. satisfies (θ t + dd c v t ) n + ≤ C κ n e −(n−κ)t e ∂tv+vt v(h) in the viscosity sense, by using Lemma 3.5. The situation is more involved than for subsolutions, as we cannot get rid of the mixed terms (χ + dd c ϕ ∞ ) j ∧ (ω SF ) n−j + , when j < κ. We take advantage of the assumption that j : X → J is a smooth holomorphic submersion, as in this case the extra terms are smooth: for j < κ, we get χ There exists C > 0 such that 0 ≤ g(t) ≤ C(t + 1)e −t for all t ≥ 0.
It follows from Propositions 4.4 and 4.9, Lemmata 4.5 and 4.10, and an application of the comparison principle Theorem 3.10 that:
Corollary 4.11. When j : X → J is a smooth holomorphic submersion, there exists C > 0 such that for all x ∈ X and all t ≥ 0,
The flow therefore uniformly deforms the initial continuous potential ϕ 0 towards ϕ ∞ , at an exponential speed. 4.4.2. The general case. We now come back to the general setting of an abundant minimal model X with canonical singularities, and let j : X → J denote the Iitaka fibration onto the canonical model of X.
We are now going to use the fact that ϕ ∞ is smooth in X \ D, where D = (s = 0) = f −1 D ′ is a divisor in X (see section 2). We fix h a smooth hermitian metric of the line bundle L D and normalize h so that |s| h ≤ 1 on X. Since D = f −1 D ′ , we observe that there exists A > 0 such that the curvature of h satisfies Θ h ≤ Aχ. The Poincaré-Lelong equation thus yields 2) Fix T 0 = T 0 (ε) ≥ 0 so large that e −T 0 ρ |∂Ωr − ε 2 log r ≥ 0. 3) Fix C = C(ε) > 1 s.t. [1 + εA] inf X ϕ ∞ + e −T 0 inf Ωr ρ + Ce −T 0 ≥ ϕ T 0 . Then (t, x) → v ε (t, x) = [1 + εA]ϕ ∞ (x) + e −t ρ(x) − ε log |s| h (x) + Ce −t + g(t)
is a supersolution to the Cauchy problem for (4.1) in M r =]T 0 , +∞[×Ω r .
Here g : R → R + denotes unique the solution of the ODE g ′ (t) + g(t) = ln (1 + εA) κ + e B−t − A ε inf X ϕ ∞ with initial condition g(0) = 0, where B > 0 is specified in (4.9) below.
Proof. We first note that v ε ≥ ϕ on the parabolic boundary
Indeed g ≥ 0 and − log |s| h ≥ 0 hence
as follows from our choice of C (3), while for x ∈ ∂Ω r = {x ∈ X, |s(x)| h = r} the inequality v ε ≥ ϕ follows from conditions (1) and (2). Let us stress that the uniform upper-bound in Lemma 4.2 is used both in conditions (1) and (3). We now check that v ε is a supersolution of the equation in M r . We set χ ϕ∞ := χ + dd c ϕ ∞ . Recall that −εdd c log |s| h ≤ Aεχ, hence (θ t + dd c v ε ) + ≤ (1 + Aε)χ + e −t (ω SF ) + .
We infer Using that ϕ ∞ and ρ are smooth in Ω r , we get (4.9) (θ t + dd c v ε ) n + ≤ C κ n e −(n−κ)t e ϕ∞ v(h) (1 + εA) κ + e B−t for some constant B > 0 that depends on all our parameters. Now
since we have normalized h so that log |s| h ≤ 0. Thus (θ t + dd c v ε ) n + ≤ e ∂tvε+vε v(h) and it follows finally from Lemma 3.5 that v ε is a viscosity supersolution of the equation in [T 0 , +∞[×Ω r . Proof. We let the reader check that lim sup t→+∞ g(t) ≤ M ε, with M = A inf X ϕ ∞ + κ, thus for x ∈ Ω r , We let r → 0 + , so that this inequality holds for all x ∈ X reg \D. Since ε > 0 is arbitrary, we infer lim sup t→+∞ ϕ(t, x) ≤ ϕ ∞ (x) for all x ∈ X reg \D.
4.5.
Proof of Theorem D. It follows from Lemmata 4.2 and 4.3 that (ϕ t ) is uniformly bounded as t → +∞. We let σ denote a cluster point (for the L 1 -topology), which is thus bounded and χ-psh in X. We can assume without loss of generality that the convergence holds almost everywhere. Previous Corollary shows that for a.e. x ∈ X reg \ D, σ(x) ≤ ϕ ∞ (x), hence everywhere in X, the two functions being quasi-psh in X, while the comparison principle Theorem 3.10 and Propositions 4.4, 4.7 yield σ(x) ≥ ϕ ∞ (x) in X. Therefore σ = ϕ ∞ and ϕ t locally uniformly converges to ϕ ∞ in X \ D, as t → +∞. This actually implies that ϕ t converges to ϕ ∞ in capacity as t → +∞. The proof of Theorem D is complete.
